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Motivation (high level)

The sampling problem 

Draw , for some (possibly unnormalised) probability measure . 

The integration problem 

Given  and , compute . 

This talk: Euclidean state spaces,  has a density

X ∼ π π

π f ∈ L2(π) π( f ) := ∫ f(x)π(dx)

π
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Motivation (more precise)

1. The ( )sampling problem. Given a finite measure  on , generate a sample 

 

such that , where  (normalised measure). 

2. The ( )integration problem. Given a finite measure  and , and 
denoting  

, 

compute  such that such that 

ϵ− πu E

X ∼ ρ

𝒟(ρ, π) < ϵ π := πu/πu(E)

ϵ− πu f ∈ L2(πu)

π( f ) := ∫ f(x)π(dx)

̂π( f ) 𝔼 | ̂π( f ) − π( f ) |2 < ϵ
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Why unnormalised?

• In statistical physics interest often lies in understanding macroscopic consequences 
of microscopic behaviour in a system 

• Particle dynamics —> interaction potential  

• Boltzmann—Gibbs distribution at temperature  

 

• Macroscopic observables:  

Normalisation is a challenge!

U(xi, xj)

1/β

πβ(x)dx ∝ e−β∑i≠j U(xi,xj)dx

∫ f(x)πβ(x)dx

Motivation from statistical physics
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Why unnormalised?

• Given some data  assume a probabilistic model  

• Inference: given  learn . Prediction: given  predict  (via ) 

• Bayesian approach 

• Construct prior  

• Bayes’ rule: model + prior —>  posterior 

 

Interesting quantities are usually integrals wrt posterior

y := {yi}n
i=1 f(y |θ)

y θ y y* θ

π0(θ)

π(θ |y) =
f(y |θ)π0(θ)

∫ f(y |θ)π0(θ)dθ
∝ f(y |θ)π0(θ)

Motivation from Bayesian statistical inference
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Bayes in pictures
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Integration via sampling + Monte Carlo

• We can solve Problem 2 by solving Problem 1 to generate  and 
computing 

. 

• Most popular solution to Problem 1 is to generate  by simulating a 
Markov chain -> MCMC

X1, . . . . , XN

̂π( f ) :=
1
N

N

∑
i=1

f(XN)

X1, . . . , XN
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The Markov chain Monte Carlo solution
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Construct a Markov chain with equilibrium 
distribution , then simulate from it.π

Ergodic averages to 
approximate integrals

Simulate for a long time to 
generate samples



Why Markov processes?

• There is no inherent reason why a sampling algorithm should use a Markov process 

• BUT  

• Independent sampling seems very hard in high-dimensions! 

• We have many tools to assess the equilibrium distribution & mixing times 

• It’s also surprising how much flexibility Markovianity gives us 

• (e.g. if state space is augmented) 

We will discuss both continuous and discrete time processes
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Setup

• Let , and define the transition function/kernel (continuous-time process , discrete-time 
) 

. 

• We write , where  

 

• We can also define the process through the semi-group , where for  

 

• The generator of the semi—group is  for appropriate 

X0 ∼ μ t ∈ [0,∞)
t ∈ {0,1,2,…}

Pt(x, A) := ℙ(Xs+t ∈ A |Xs = x)

Xt ∼ μPt

μPt(A) := ∫ Pt(x, A)μ(dx)

(Pt)t≥0 f ∈ L2(π)

Pt f(x) := ∫ f(y)Pt(x, dy) = 𝔼[ f(Xs+t) |Xs = x]

Lf := lim
δ→0

δ−1(Pδ f − f ) f
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Equilibrium & Invariant distributions

• We say  has equilibrium distribution  if 

 

where  is some metric between distributions (e.g. Total Variation distance). 

• We say  is invariant if  

 

• NOTE: Unless stated otherwise assume  has a density with potential , i.e. 

(Xt)t≥0 π

lim
t→∞

𝒟(μPt, π) = 0

𝒟

(Xt)t≥0 π−

Xs ∼ π ⟹ Xs+t ∼ π ∀t ≥ 0

π U(x)

π(x) ∝ e−U(x)
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A recipe for sampling based on Markov processes

• Find a Markov process  that has equilibrium distribution  

• Usually continuous time 

• Usually not possible to simulate exactly 

• Approximate the dynamics to simulate a (discrete-time) Markov chain 

• Typically the equilibrium is no longer , but hopefully not far off 

• Optionally, we can use a Metropolis—Hastings filter to enforce -equilibrium (more 
later)

(Xt)t≥0 π

π

π
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Langevin sampling
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Diffusion processes

 

•  drift 

•  volatility 

•  Brownian motion on   

• ,  for  

• Intuition: 

 

dXt = b(Xt)dt + σ(Xt)dWt

b : ℝd → ℝd

σ : ℝd → ℝd×m

(Wt)t≥0 ℝm

W0 = 0 Wt − Ws ∼ Nm(0,(t − s)I) t > s

𝔼[Xt+δt − Xt |Xt = x] = b(x)δt + o(δt)

Var[Xt+δt − Xt |Xt = x] = σ(x)σ(x)Tδt + o(δt)

A first candidate for stochastic process with user-specified equilibrium
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Example diffusion sample paths

• https://samuel-livingstone.shinyapps.io/app_bm/
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https://samuel-livingstone.shinyapps.io/app_bm/


The density of Xt

• Recall , let  have density  

• Then FPK states 

 

with  the ‘flat’  adjoint of  

• For diffusions  expressed in terms of  and , giving for  

Xt ∼ μPt μPt u(x, t)

∂tu = L†u

L† L2(ℝd) L

L† b σ A(x) := σ(x)σ(x)T

∂tu(x, t) = − ∑
i

∂i[bi(x)u(x, t)] +
1
2 ∑

i,j

∂i∂j[Aij(x)u(x, t)]

Fokker—Planck equation (FPK)

17



Invariant distributions for diffusion processes

• Setting  implies , so to be -invariant we need 

 

•  A sufficient condition is that  

 

Any  and  for which this is satisfied will produce a invariant diffusion process!

u(x, t) := π(x) ∂tπ(x) = 0 π

2∑
i

∂i[bi(x)π(x)] = ∑
i,j

∂i∂j[Aij(x)π(x)]

∀i

2bi(x)π(x) = ∑
j

∂j[Aij(x)π(x)]

b σ π−

Fokker—Planck equation
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The (overdamped) Langevin diffusion

• Setting  for simplicity 

 

• Rearranging gives 

 

• Writing , meaning , this leads to 

Aij(x) = 2𝕀(i = j)

bi(x)π(x) = ∂iπ(x)

bi(x) =
1

π(x)
∂iπ(x) = ∂i log π(x)

π(x) ∝ e−U(x) ∇log π(x) = − ∇U(x)

dXt = − ∇U(Xt)dt + 2dWt
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Properties of the Langevin diffusion

 

• Only unnormalised  need be known! 

• Drift  moves towards local mode,  injects noise 

• The  factor is important!  Tells us the right balance between drift and noise 

• Under mild conditions  as  

• If  exhibits e.g. tail convexity convergence happens at an exponential rate 

• If e.g.  for  then rate is quantitative 

dXt = − ∇U(Xt)dt + 2dWt

π

−∇U(x) dWt

2

𝒟TV(μPt, π) → 0 t → ∞

U

∇2U ⪰ mI m > 0 e−m/2
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Numerical simulation

• Euler—Maruyama scheme for a general diffusion process, for ,  
step-size 

 

• Applied to Langevin gives 

 

The Unadjusted Langevin algorithm (ULA) or Langevin Monte Carlo

ξn ∼ N(0,Id×d) h > 0

Xn+1 = Xn + hb(Xn) + hσ(Xn)ξn

Xn+1 = Xn − h∇U(Xn) + 2hξn

Langevin Monte Carlo/Unadjusted Langevin algorithm
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Example numerical simulation

• https://samuel-livingstone.shinyapps.io/app_ou/
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Some key references

Rossky, Doll & Friedman (1978).  
An early use in the Physics literature

Besag (1994). First mention of Metropolised 
form in Statistics literature

Roberts & Tweedie (1996). Influential analysis of  
Diffusion, ULA and Metropolised version



Some known results about ULA

• If  is Lipschitz then under mild regularity conditions  has an equilibrium distribution  

• If  is tail-convex and  is Lipschitz (+details), then ULA is geometrically ergodic, i.e. 
 s.t. if  

 

where  is total variation distance 

• If  is -strongly convex and -smooth, setting  then various bounds of form (exc. polylog. terms) 

 

where  is dimension,  (  chosen to control ) 

But when  is not Lipschitz or  not tail-convex, it can perform poorly!

∇U {X0, X1, . . . } πh

U ∇U
∃λ > 0,M : 𝒫(ℝd) → [0,∞) Xn ∼ νn

𝒟TV(μPn, πh) ≤ M(μ)e−λn

𝒟TV

U m L κ := L/m

inf{n > 0 : 𝒟(μPn, π) ≤ ϵ} ≤ Cϵκαd1/2

d α ≥ 1 h 𝒟(πh, π)

∇U U
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The case of non-Lipschitz  (light tails)∇U

• Consider ,  

• ULA scheme is 

 

• If e.g. , , then 

 

• In this instance the ULA scheme is transient (although non-asymptotic results for small  
exist) 

NOTE: The true diffusion is actually very fast for this example!

π(x) ∝ e−x4/4 ∇U(x) = x3

Xn+1 = Xn − hX3
n + 2hξn

X0 = 10 h = 0.1

𝔼[X1] ≈ − 90, 𝔼[X2] ≈ 72900, 𝔼[X3] ≈ . . .

h

Toy example
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The case of heavy tails (non-convex )U(x)

• Consider a simple Cauchy target distribution (heavy-tailed model in Statistics) 

 

• Here as  then , meaning  

 

“Random walk behaviour” (in the tails the scheme will be very slow)

π(x) ∝
1

1 + x2
⟹ ∇U(x) =

2x
1 + x2

|x | → ∞ |∇U(x) | → 0

Xn+1 ≈ Xn + hξn
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More Langevin diffusions 

• We set , but other choices are possible, and sometimes preferred 

• Tempered Langevin:   

 

• For generic  we have 

 

(e.g. manifold MALA, ) 

• Additional drift terms can also be added (non-reversibility)

Aij(x) = 2𝕀(i = j)

Aij(x) ∝ π−1
u (x)𝕀(i = j)

dXt = π−1/2
u (Xt)dWt

Aij(x)

dXt = − A(x)∇U(x)dt + Λ(x)dt + 2A(x)dWt, Λi(x) := ∑
j

∂jAij(x)

Aij(x) ≈ ∂i∂jU(x)
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Kinetic Langevin sampling
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Augmenting the state space

• A different class of diffusion processes can be arrived at by considering a larger 
state space 

 

• Auxiliary  often called velocity or momentum 

• The resulting processes are non-reversible (often means faster but harder to analyse)

(X, V) ∈ ℝd×d

V
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Kinetic Langevin diffusion

• For  

 

• This solves Fokker—Planck for density 

 

• NOTE: noise is degenerate, meaning diffusion is hypoelliptic (Langevin is uniformly 
elliptic) 

Hamiltonian flow (conservative) + mean reverting velocity dynamics (dissipative)

α > 0
dXt = Vtdt

dVt = − ∇U(Xt)dt − αVtdt + 2αdWt

ω(x, v) ∝ π(x) ⋅ exp (−
1
2

vTv)
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Integration via Splitting schemes
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System H  
(Hamiltonian dynamics) 

dXt = Vtdt,
dVt = − ∇U(Xt)dt

System O  
(Ornstein—Uhlenbeck process) 

dXt = 0,

dVt = − αVtdt + 2αdWt

Conservative Dissipative



The Hamiltonian part

• We can employ a further splitting into 

 

• (B) has explicit solution 

 

• (A) has explicit solution 

 

• Full ‘splitting’ integrator is some combination, e.g. 

(B) dXt = 0, dVt = − ∇U(Xt)dt
(A) dXt = Vtdt, dVt = 0

(Xt, Vt) = Ψ(B)
t (X0, V0) = (X0, V0 − t∇U(X0))

(Xt, Vt) = Ψ(A)
t (X0, V0) = (X0 + tV0, V0)

Ψh(X0, V0) := Ψ(B)
h/2 ∘ Ψ(A)

h ∘ Ψ(B)
h/2(X0, V0)
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System H  
(Hamiltonian dynamics) 

dXt = Vtdt,
dVt = − ∇U(Xt)dt



The Ornstein—Uhlenbeck part

• This can be solved exactly, giving 

 

where .

(Xt, Vt) = ΦOU(X0, V0)

= (X0, e−αtV0 + 1 − e−2αtξ)
ξ ∼ N(0,I)

33

System O 
(Ornstein—Uhlenbeck process) 

dXt = 0,

dVt = − αVtdt + 2αdWt



Putting it together

• Splitting integrators are extremely popular for this type of system, e.g. 

 

• This = ABOBA, alternatives BAOAB, OBABO + other ways to split 

• The Hamiltonian solver is symplectic 

• (good for long time preservation of ) 

• Full system solver sometimes called quasi-symplectic

(Xt+h, Vt+h) = Ψ(A)
h/2 ∘ Ψ(B)

h/2 ∘ Φ(O)
h ∘ Ψ(B)

h/2 ∘ Ψ(A)
h/2(Xt, Vt)

H(x, v) = U(x) + vTv/2
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Kinetic Langevin vs ULA

• ULA is easier to implement (only need step-size ) 

• The friction  must also be chosen for kinetic 

• Kinetic Langevin often faster in high-dimensions 

• Mixing times can be  rather than  for ULA 

• Kinetic Langevin still struggles with: 

• Heavy tails (process itself is slow, just like ULA) 

• Non-Lipschitz gradients (integrator unstable, again just like ULA) 

h

α

d1/4 d1/2
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Metropolis—Hastings
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Metropolis—Hastings

Starting point: an arbitrary Markov transition kernel .Q(x, dy) := q(x, y)dy

37

Metropolis—Hastings Algorithm  

At iteration , with current state  

1. Draw      (propose a move to a new state) 

2. Set     (accept or reject the move)

i + 1 Xi

X′￼ ∼ Q(Xi, ⋅ )

Xi+1 = {X′￼ w.p. α(Xi, X′￼)
Xi otherwise

α(Xi, X′￼) := min (1,
π(X′￼)q(X′￼, Xi)
π(Xi)q(Xi, X′￼) )



Why does Metropolis—Hastings work?

1. Often easy to show that  is equilibrium distribution ( -reversibility = trivial) 

 

2. Only unnormalised  needed (only need ratio )

π π

π(x)q(x, y) min (1,
π(y)q(y, x)
π(x)q(x, y) ) = π(y)q(y, x) min ( π(x)q(x, y)

π(y)q(y, x)
,1)

π π(y)/π(x)
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How well does Metropolis—Hastings work?

• Working well generally means 

• Markov chain converges quickly to equilibrium 

• Ergodic averages have good properties (e.g. low bias & variance) 

• Essentially this depends on the choice of  

Metropolis—Hastings is really a whole family of algorithms

Q

And what is meant by this…
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Metropolising the Langevin diffusion

• One choice for  is the ULA transition kernel 

• This leads to the Metropolis-adjusted Langevin algorithm (MALA) 

• PROs of MALA vs ULA: 

•  is now correct equilibrium distribution (‘asymptotically exact’) 

• Step-size  often easier to choose (set ) 

• CONS 

• More expensive (two gradients &  must be evaluated) 

• Metropolis filter adds complexity to transition  harder to analyse 

For heavy tails MALA ~ ULA, for non-Lipschitz gradients ULA drifts to  while MALA gets stuck

Q

π

h 𝔼α ≈ 0.57

π

⟹

∞

MALA
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Metropolising kinetic Langevin

• Kinetic Langevin diffusion is not reversible (unlike overdamped) 

• This means that naive Metropolisation a bad idea 

• Process does, however, satisfy a skew-detailed balance condition  

• For smarter Metropolis filter, upon rejection we can flip velocity 

 

• I would say it’s more common to Metropolis a related algorithm called Hamiltonian 
Monte Carlo

v → − v
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Example models in Statistics 
& Machine Learning
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Logistic regression

• Data ,   

• Model is 

 

• Setting  as Gaussian, then 

(xi, yi)n
i=1 xi ∈ ℝd, yi ∈ {0,1}

ℙ(Yi = 1) =
1

1 + e−xT
i β

π0(β)

U(β) =
n

∑
i=1

[log (1 + ex⊤
i β) − yi(x⊤

i β)] +
1

2σ2
βT β

Probabilistic classification
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Why a benchmark model?

• One of the simplest real Bayesian models for which sampling algorithms are 
required (no conjugate prior) 

• Challenging benchmark datasets (e.g. many more 1 than 0, ) 

• See e.g. Chopin & Ridgway, 2017

dim θ ≫ n
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Neal’s funnel

• Typical structure 

 

• Neal’s funnel: 

 

• Non-Lipschitz gradients, very hard to move 
between neck and mouth! 

• Typically 

yi |μc(i) ∼ ℳ(μc(i)) model

μc(i) |ν ∼ N(0,eν) local parameters

ν ∼ N(0,σ2) global parameters

Yi | (X = x) ∼ N(0,ex)
X ∼ N(0,32)

c(n) = O(n)

A benchmark for hierarchical models
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Discussion
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Discussion

• I have focused on two key sampling algorithms & how to Metropolise them 

• I have not covered several other things, such as: 

• Sampling on discrete spaces/distributions with atoms (see e.g. PDMPs) 

• Diagnosing convergence/the quality of ergodic averages 

• Improving sampling via pre-conditioning (e.g. mass matrix) 

• More robust integrators for e.g. non-Lipschitz gradients 

• Detailed analysis of mixing times etc. 

• Multi-model sampling (e.g. parallel tempering) 

• It’s a huge field!  Nonetheless I hope this was useful
47



Thanks for listening!
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Thank you for listening!
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